I. INTRODUCTION
Developing a complete theory for low-energy QCD has been a great challenge for the theoretical particle physics and despite all the progress made over the past several decades the issue continues to linger in the field [1] . Among many challenges, the fascinating phenomenon of bound states formed out of gluons (glueballs) awaits both experimental verification as well as a model independent theoretical prediction. In the meantime, the quest for identifying which of the existing isosinglet scalar mesons are likely to have mixing with scalar glueball(s) continues. But this identification is quite nontrivial since it gets closely tied up with the issue of QCD vacuum and the breakdown of chiral symmetry via formation of quark-antiquarks, four-quarks and gluonic condensates, and as a result, has rendered the achievement of this objective rather beyond the immediate reach of the present state of the knowledge of low-energy QCD. Despite all the existing complications, the phenomenology of the mixing patterns among quark-antiquarks, four-quarks and glue components provides an insightful window into the world of scalar mesons in general, and the gluonic bound states, in particular.
Lattice QCD [2] - [54] provides a fundamental approach to understanding non-perturbative QCD. In the quenched approximation, the glueball spectrum has been investigated in [4] in which it is found that the lowest lying scalar glueball has a mass of 1730 (50)(80) MeV. It is then important to know whether the unquenching effects are small or large. Also, in order to verify whether the lattice predictions for glueballs actually coincide with observed hadrons, the mixing of pure glue with quark states will inevitably come into play, and that naturally makes the study more complicated. Nevertheless, a great amount of progress has been made on scalar mesons in lattice QCD [40] - [50] . Other fundamental approaches to study of glueballs include Bethe-Salpeter equation [55] , AdS and holography [56] and light-front approach [57] .
To study the scalar glueball spectrum, various experimental data on scalar mesons, particularly those above 1 GeV are crucial. In addition to the mass spectrum and decay properties given in PDG [1] , several decay ratios are provided by the WA102 collaboration [58] . Moreover, recent data by LHCb [59, 60] on decays ofB 0 andB 0 s to J ψπ + π − has provided important probes of the isosinglet states. In a recent report by BES III [61] the overlap of f 0 (1500) and f 0 (1710) with scalar glueball is studied in partial wave analysis of J ψ → γηη. It is also suggested [62, 63] that the production mechanism of heavy isosinglet states in such B decays are useful sources of information for identification of the scalar glueball.
Unlike the light pseudoscalars, understanding the properties of scalar mesons (particularly, their quark substructure) is known to be quite nontrivial and has become a serious puzzle for low-energy QCD. Below 1 GeV, these states are [1] : The two isosinglets f 0 (500) [or sigma (σ) meson] and f 0 (980), the isodoublet K * 0 (800) [or kappa (κ) meson] and the isotriplet a 0 (980). It is known that a simplepicture does not explain the properties of these mesons. The MIT bag model of Jaffe [64] provides a foundation for understanding these states based on a four-quark description and has inspired numerous investigations. Other models that investigate the nature of scalar mesons include KK molecule [65] , unitarized quark model [66] [67] [68] , QCD sum-rules [69] , chiral Lagrangians [70] [71] [72] [73] [74] [75] as well as many others [76] - [120] . Above 1 GeV, the scalar states are [1] : the three isosinglet states f 0 (1370), f 0 (1500) and f 0 (1710), the isodoublet K * 0 (1430) and the isotriplet a 0 (1450). These states are generally believed to be closer to quark-antiquark states with two of them, f 0 (1500) and f 0 (1710), strongly mix with glue.
An indispensable complication in understanding the physics of scalar glueballs is their mixing with isosinglet scalar mesons and that prevents their study to be "standalone." This naturally brings into the discussion the already messy situation of light scalar mesons within a region where no complete theoretical framework currently exists. Fortunately, the established principles of low-energy QCD (chiral symmetry and mechanisms of its breakdown, U(1) A anomaly, large N c approximation, . . .) have provided reliable guidelines in exploring this region and have become the underlying platform upon which different low-energy QCD frameworks are built. Chiral perturbation theory (ChPT) [121] has provided a systematic approach to the physics of strongly interacting pions and has led to many important developments. However, the effectiveness of ChPT is near the threshold where the pion momenta are small, and faces new challenges at higher energies where the strong influence of other resonances such as the rho meson, the sigma meson, . . . start to become the "800 pound gorillas in the room." Attempts have been made to extend the domain of ChPT to include the effects of resonances [122] - [142] , which are manifested indirectly through low-energy constants at order Op 4 [142] . Since the objective of this work is to explore the properties of scalar mesons, it is natural to keep the scalar fields explicitly in the Lagrangian instead of integrating them out. We work within a nonlinear chiral Lagrangian framework that includes scalar fields below and above 1 GeV. In this approach, various low-energy processes including various scattering and decays have been successfully studied [143] - [152] . The scattering amplitudes can be reasonably well approximated by the contact terms describing the interaction of pseudodscalars together with tree level diagrams representing the contribution of intermediate resonances up to slightly above the energy region of interest. It is observed that even though the contribution of the individual diagrams may be large and violate the expected unitarity bounds, they balance each other in such a way that the unitarity bounds are respected. The details also involve additional effects such as regularization of the pole diagrams by inclusion of imaginary parts (determined by fits to experimental data) which can be interpreted as the decay width of the resonances and hence are subleading in 1 N c expansion. Another subleading effect is inclusion of four-quark scalar mesons which is one of the focuses of the present work and is described in next section in more detail.
There is considerable evidence that the scalars below 1 GeV are not simple quark-antiquark states and perhaps are closer to a four-quark picture (either of molecular types or of tetraquark types or a combination of the two) whereas those above 1 GeV are closer to the conventional p-wave quark-antiquark states. At the same time, more refined analysis shows that the situation with such four-quark versus quark-antiquark is not that clear cut and both sets of states have some distortions from those pure pictures. It is therefore natural to ask whether such distortions are generated by an underlying mixing among scalar states below and above 1 GeV. There seems to be a clear evidence for a mixing scenario as was pointed out in [149] for the isodoublets K * 0 (800) and K * 0 (1430), as well as isotriplets a 0 (980) and a 0 (1450) and further extended to the more complicated cases of isosinglets f 0 (500), f 0 (980), f 0 (1370), f 0 (1500) and f 0 (1710) in Refs. [150, 152] . The complications of dealing with isosinglet scalar states are due to their underlying mixings; the two isosinglet states within each scalar meson nonet not only can mix with each other as well as with the isosinglets of the other nonet, they also can, in addition, mix with one (or more) scalar glueball(s). This leads, at the very least, to a 5×5 mixing as opposed to the 2×2 cases for isodoublets and isotriplets. Other investigators have studied different aspects of scalar meson mixings [153] [154] [155] .
Finally, we point out that the investigations of the scalar mesons in the nonlinear chiral Lagrangian framework of [143] - [152] , which are the basis of this study, have resulted in an overall coherent picture for the light scalar mesons. Particularly the substructure of the scalar mesons below and above 1 GeV have shown close correlations which can be best understood by probing their underlying mixings. It is found that the scalars below 1 GeV being closer to four-quark states and those above 1 GeV closer to quark-antiquark states. This has been a robust outcome of these studies. In addition, the results for the underlying mixing patterns and substructures of scalar mesons obtained in the nonlinear chiral Lagrangians of [143] - [152] are in a close agreement with similar results found within the context of the linear sigma model [156] - [171] which gives added confidence and further motivates the present work.
In this article, we extend the previous works on isosinglet mixing of ref. [152] by performing a simultaneous fit to the mass and decay properties of isosinglet states. As we shall see this will involve exploring the 14-dimensional parameter space of the model using an iterative Monte Carlo simulation of the available experimental data. This will result in determining the range of variation of the 14 model parameters, which will subsequently be used to explore the quark and glue substructure of isosinglet scalars. In Sec. II, we give a brief review of the model followed by our strategy for determining the model parameters in Sec. III, and the numerical results (for global simulation I) in Sec. IV. We then give a discussion of the sensitivity of the results on the experimental inputs in Sec. V, followed by the properties of scalar glueball in VI. We end by giving a summary and discussion of the results in Sec. VII.
II. BRIEF REVIEW OF THE MODEL
Since the lightest scalars [f 0 (500), K * 0 (800), f 0 (980) and a 0 (980)] do not form a pure quark-antiquark nonet, the interesting question is whether the next-to-lying set of scalars [f 0 (1370), K * 0 (1430), a 0 (1450), f 0 (1500), f 0 (1710)] are the right candidates for such a nonet. In fact, it is speculated that there is a quark-antiquark scalar meson nonet above 1 GeV with the K * 0 (1430) and the a 0 (1450) its likely members. However, a close look at the properties of these two states raises some serious questions for this assignment. For example, in anonet, the isotriplet is expected to be lighter than the isodoublet, but for these two states [1] :
which are comparable at best. Also their decay ratios given in PDG [1] do not follow a pattern expected from an SU(3) symmetry [149] (given in parenthesis):
These deviations suggest that these states are likely to have small deviations from pure quark-antiquark states. The next natural question is whether these deviations are the result of underlying mixings with a four-quark nonet below 1 GeV. This question was taken up in Ref. [149] in which it was shown how a simple global picture for the scalar mesons below and above 1 GeV can originate from a mixing between a four-quark nonet N below 1 GeV and a quark-antiquark nonet N ′ above 1 GeV. It is shown in [149] that allowing these two nonets to slightly mix, leads to a natural explanation for the deviations in mass [Eq. (1)] and decay properties [Eq. (2) ]. The theoretical framework used in [149] is a nonlinear chiral Lagrangian in which the mass terms for the isodoublet and isotriplet states can be written in terms of the two scalar meson nonets
where M = diag(1, 1, x) with x being the ratio of the strange to non-strange quark masses, and a, b, a ′ and b ′ are the free parameters determined by the "bare" (unmixed) masses of I = 1 2 and I = 1 scalars
where the subscript "0" denotes the "bare" masses. The model of [149] assumes that the light four-quark nonet N is lower in mass than the quark-antiquark nonet N ′ . Taking into account the fact that in a conventional quark-antiquark nonet the isodoublet (that has one strange quark) is lighter than the isotriplet (that does not have an strange quark), and together with the fact that in a four-quark nonet this spectrum is reversed (i.e. the isodoublet has one strange quark and therefore is lighter than the isotriplet with two strange quarks), we expect:
This mass ordering is our indirect connection to the quark content of N and N ′ . The leading mixing of these two nonets is described by
where, with a detailed numerical analysis, it is shown in [149] that for 0.51 < γ < 0.62 GeV 2 , it is possible to describe the physical masses such that the bare masses uphold the expected ordering of (5). Specifically, using the fact that when two states with "bare" masses M I < M II slightly mix, the resulting physical masses (M I <M II ) split away from the two "bare" masses (i.e.M I < M I < M II <M II ), and that the amount of splitting is inversely proportional to the "bare" mass difference M 2 II − M 2 I . Hence, the two "bare" isotriplet states [which are closer to each other according to (5] split more than the two isodoublet states, and consequently, the physical isovector state a 0 (1450) becomes heavier than the isodoublet state K * 
The decay properties of the isodoublet and isotriplet states are also studied in [149] . The Lagrangian for the coupling of the two nonets N and N ′ to two-pseudoscalar particles are then studied and its unknown parameters are found by comparing with available experimental data on relevant decay widths. The work of Ref. [149] shows that the I = 1 states are close to maximal mixing [i.e. a 0 (980) and a 0 (1450) are approximately made of 50% quark-antiquark and 50% four-quark components], and the I = 1 2 states have a similar structure with K * 0 (800) made of approximately 74% of four-quark and 26% quark-antiquark, and the reverse structure for the K * 0 (1430). The interaction Lagrangian density for the I = 1 2, 1 scalars is developed in [149] 
where A, C, A ′ and C ′ are the a priori unknown parameters fixed by experimental inputs on mass and decay properties of I = 1 2 and I = 1 states below and above 1 GeV. It is found in [149] that
The case of I = 0 states in this mixing mechanism is considerably more complicated due to their mixing with scalar glueball(s). The mixing model of Ref. [149] was further extended to include I = 0 states in Refs. [150] [151] [152] . The general mass terms for I = 0 states and a scalar glueball G can be written as:
It is easy to see that the role of terms involving c and d parameters is to induce "internal" mixing between the two I = 0 flavor combinations [(N The last term represents the glueball mass term (justifications for identifying field G with an scalar glueball is discussed in detail in Sec. VI). It is seen that part of the mass Lagrangian for isosinglet states is constrained by the mass term for isodoublets and isotriplets, i.e. the term L I=1 2,1 mass discussed in Eq. (3) with its parameters determined in Eqs. (4) and (7) .
The mixing between N and N ′ , and the mixing of these two nonets with the scalar glueball G can be written as
where the first term is given in (6) with γ from (7). The second term on the right hand side does not contribute to the I = 1 2, 1 mixing, and terms with unknown couplings e and f describe mixing with the scalar glueball G (also not contributing to I = 1 2, 1 cases). As a result, the five isosinglets below 2 GeV, become a mixture of five different flavor combinations, and their masses can be organized as
with
where the superscript NS and S respectively represent the non-strange and strange combinations. F contains the physical fields
where K −1 is the transformation matrix. The mass squared matrix is
in which the value of the unmixed I = 1 2, 1 masses, and the mixing parameter γ are substituted in from (7) . There are eight unknown parameters in (15) 
ρ, e and f . The scalar-pseudoscalar-pseudoscalar interaction takes the general form: is the interaction Lagrangian for I = 1 2, 1 states given in Ref. [74] . For decay width computation we recast the interaction Lagrangian (16) in terms of physical fields and physical couplings
where γ i ss ′ is the physical coupling of the i-th scalar [i = 1 . . . 5; see Eq. (14)] to pseudoscalars s and s ′ given by
with K defined in (14) and [defined in (13) ] and the scalar glueball G, respectively. The diagonal elements for all decay channels ss ′ are listed in Ref. [150] .
III. STRATEGY FOR DETERMINING THE MODEL PARAMETERS
There are 14 unknown parameters in the I = 0 part of the Lagrangian density that we need to determine by incorporating appropriate experimental data on the mass spectrum as well as the appropriate decay widths and decay ratios. These can be divided into a six-dimensional parameter space (B, D, B ′ , D ′ , E and F ) that only affect the scalar-pseudoscalar-pseudoscalar coupling constants, and an eight-dimensional parameter space (c, d, c ′ , d ′ , m G , ρ, e and f ) that both directly enter into the 5 × 5 mass matrix, and also indirectly enter in the calculation of decay widths and decay ratios through the rotation matrix K that rotates the bare bases into the physical bases. As a result, determining these two groups of parameters independently of each other is only an approximation; a general approach requires a simultaneous 14-parameter fit. In works of Refs. [150] [151] [152] , as a preliminary study, these two parameter spaces were studied in separate fits in some details. Here we generalize those findings by performing simultaneous fits using an iterative Monte Carlo algorithm developed by the authors [172] . This general method of dealing with this parameter space is considerably more complicated than those presented in [150] [151] [152] . An added complication in this analysis is the lack of established experimental data on some of the properties of scalar mesons. To minimize the effect of unestablished experimental data, different sets of target experimental quantities are considered. The target quantities displayed in Table I are in three groups of masses, partial decay widths and several decay ratios reported by WA102 collaboration [58] ; altogether forming 23 target quantities. Some of these quantities are not firmly established: The partial decay widths of f 0 (1370) to ππ and KK are reported in [173] but are not used in any averaging by PDG. Also, in the analysis of WA102 collaboration [58] the mass of f 0 (1370), f 0 (1500) and f 0 (1710) are fixed to the values displayed in Table I and are not the same as those given in PDG [1] or in Refs. [173, 174] (for example, the mass of f 0 (1370) given by PDG is in the broad range of 1.2-1.5 GeV, to be compared with fixed value of 1.312 GeV selected by WA102 collaboration or 1.300 ± 0.015 GeV reported in Ref. [173] ). In our analysis we have been mindful of these variations and have minimized the uncertainties of our predictions that stem from such inputs, by considering three different simulations, each of which emphasizes a particular version of such inputs. In our global simulation I, we target the inputs of Table I with the exception of the two partial decay widths of f 0 (1370) (i.e. in global simulation I, we target 21 out of the 23 quantities given in that table). In our global simulation II, we include all the 23 quantities displayed in Table I (in this case since the WA102 data forms a significant part of the experimental inputs, we use the mass of f 0 (1370) of WA102 collaboration which is not too different from that of [173] ). In global simulation III, we use the target quantities displayed in Table II in which we have excluded the decay ratios of WA102 collaboration [58] and in addition the mass of f 0 (1370), f 0 (1500) and f 0 (1710) are respectively taken from [173] , PDG [1] and [174] .
Our objective is to explore the underlying mixings among various two-quark, four-quark and glue components in order to achieve a global understanding of all I = 0 scalar states below 2 GeV. This objective is sometimes at the expense of individual accuracies, at least at the present approximation of the model. Therefore, we aim to determine the 14 Lagrangian parameters such that we get a reasonable overall agreement with all target inputs of Tables I and II. In defining our numerical strategy we highlight three important points: (a) The experimental target quantities are of three different types (masses, decay widths and decay ratios); (b) since we are seeking a global understanding of isosinglet scalar mesons it is crucial for us to give the same importance to each targeted data regardless of whether they are of the same type or of different types; and (c) the fact that there are sometimes different reported experimental data for the same quantity (such as the cases discussed above), the role of a central value in a reported experimental data becomes less pronounced, and as a result, all points within a given experimental range become equally viable. Either of points (a) or (b) rule out the use of conventional χ 2 fits. Instead, we guide our numerical work by defining a function χ
where q 2]. Clearly, in the limit of χ → 0 the model predictions for target quantities approach the central values of their corresponding experimental data. This limit, even if achievable, is not of much physical significance due to the point (c) above. Therefore, we do not misguide our computations by imposing this artificial limit. To guide our computation we note that the overall experimental target quantities can be measured by [174] TABLE I: Target quantities used to explore the 14 parameters of the Lagrangian in global simulations I and II. In global simulation I (II) the decay channels of f0(1370) are excluded (included). The short notation for the quantities are defined in column one.
Therefore, to address point (c), we impose the condition
and filter out simulations that do not satisfy this condition. Unlike the condition χ → 0 that results in finding a "best point" in a given simulation, the final product of imposing condition (21) is a set of acceptable points (each point is in the 14-dimensional parameter space of the model) [177] . Once a parameter set is found, the physical quantities of interest (such as, but not limited to, all the input quantities, the quark and glue components of the isosinglet scalars, glueball mass, coupling constant, . . .) are then determined at each point in the set and this process in turn results in a set of values for each quantity. Specifically, our guiding function contains three parts
where the three terms on the right refer to mass, decay width and decay ratio, defined by with short notations
where i = 1 . . . 5 correspond to the five isosinglet scalars in ascending order [Eq. (14)], α and β are the two-body decay channels and in this work take values 1 . . . 4 which respectively correspond to the decay channels ππ, KK, ηη and ηη ′ .
IV. RESULTS FOR SIMULATION I
In this section we focus on the target inputs given in Table I [with the exception of the two partial decay widths of f 0 (1370)]. We first study the global simulation to determine the first global set and then we impose additional constraints on the global set and study its two main subsets. In next section, we give a comparison of the results obtained in this section with those obtained when all target inputs of Table I [including the partial decay widths of f 0 (1370)] are taken into account; as well as when target inputs of Table II are used.
A. Global picture: determining set S I
In global fit I, we exclude the partial decay widths of f 0 (1370) from our target experimental data of Table I . This means that the guiding function for this simulation (χ I ) is computed from (22) 
in which χ I,m , χ I,Γ and χ I,(Γ Γ) are obtained from (23) , with the condition that in χ I,Γ the decay widths of f 0 (1370) have been excluded (i.e. i ≠ 3). The χ I,m and χ I,(Γ Γ) are those given in (23) and include all data for these two quantities given in Table I . We use Monte Carlo simulation over the 14d parameter space and search for points p = (p 1 . . . p 14 ) for which
subject to the constraint 
Initially, the computation starts by generating random numbers for each of the 14 parameters over relatively broad intervals. It is then found that enforcing Eq. (26) results in effectively limiting the range of variation of each of these parameters into tighter regions. This is shown in Fig. 1 in which we see the finite range of variation of each of these parameters. Moreover, it is found that not all values of each parameter over its finite range of variation is acceptable (i.e. the ranges of variation are not continuous). This is due to the fact that the complicated guiding function χ I is a jagged function of the 14 parameters over their ranges of variation, within which, there are points that do not satisfy condition (26) .
Figs. 2, 3 and 4 give the 21 input quantities used in the global Monte Carlo simulation I. After set S I is determined, these 21 quantities are then computed over S I (i.e. at every point in this set). Also shown are the averages (triangles) and standard deviations around the averages (error bars). The objective of the global fit I is to determine the set S I such that the overall discrepancies between theory and experiment is no larger than the overall experimental uncertainties. As a result, some of the 21 quantities end up within their experimental ranges and some outside. For example, in the case of masses shown in Fig. 2 , even though they span (or get very close to) the target values, but we see that the sensitivity of simulations reduces in ascending order of mass. This is roughly understandable since contribution of each of these masses to χ exp I,m is inversely proportional to the mass and directly proportional to the experimental uncertainty [see Eq. 22], hence a heavier state such as the f 0 (1710) with a larger mass and smaller experimental mass-uncertainty contributes much less to χ exp I,m than the much lighter and less certain f 0 (500). This leads to more smearing of simulations around m[f 0 (1710)] compared to that around m[f 0 (500)]. The same property is observed for the decay widths (Fig. 3 ) and decay ratios (Fig. 4) .
The smearing effects are not an artifact of the designed computational algorithm. In fact they show that the algorithm is performing the computation correctly because of the following important point. The χ method we use in aiming for the central values of the experimental quantities, assigns the same weight (i.e. gives the same importance) to all target quantities involved (i.e. the masses, the decay widths and the decay ratios displayed in Table I ). Compared to the conventional χ 2 method, the χ method (first introduced in [152] ) implements a democratic treatment of all target quantities regardless of their type or uncertainty. However, when it comes to implementing the criterion (26) in order to allow deviations from central values, the experimental quantities that are larger may naturally get overshadowed (28)] are compared with their experimental target ranges given in Table I (solid circles). The results are obtained by solely requiring that the overall discrepancy between model predictions and experiment be no more than the overall experimental uncertainties. While simulations cover the acceptable values of all target masses, their ranges of variation are considerably wider than the experimental uncertainties. This suggests that additional filtering conditions (similar to those discussed in the subsequent subsections) are needed to further limit these ranges.
by smaller target quantities. This highlights the tension between the global description and the local precision and that the inevitable price to pay for the former it to somewhat sacrifice the latter. The value of the (less precise) global simulation is that it is based on fewer assumptions and that it explores family relations, but obviously since there are no "free lunches," it looses individual precisions. Nevertheless, it forms a reliable first step in understanding a complicated system such as the isosinglet scalars that have tremendous underlying mixings. Starting with a global simulation controls the overall ranges of model parameters and paves the way for zooming in on each individual state by imposing further refining conditions. The results for the decay widths and decay ratios are shown in Figs. 3 and 4 and we see that the simulation averages and standard deviations generally overlap with the experimental inputs. Note that for the decay width of f 0 (500) to two pions (the first subgraph) two computations are given. The bare decay width of f 0 (500) to two pions [the simulation points (squares) and their average/standard deviation (triangle/error bar)] in which the effects of the final-state interactions of pions are not accounted for. These effects are known to be important for a broad state such as f 0 (500) and have been calculated in this nonlinear chiral Lagrangian framework in description of ππ scattering in [75] in which it is shown that the physical decay width is considerably larger than the bare one. Using our simulation data in set S I , together with the methodology of [75] , we have added the effects of the final-state interactions of pions to this decay width and plotted the average (diamond) and the standard deviation (error bar) of the result in the same figure which then overlaps with the target range of 400-700 MeV [1] . (Further details on the numerical values of the physical quantities of interest in simulation I, are given in Table XI of Appendix B.)
The global simulation aims to reconcile the model parameters with the overall experimental inputs on the mass spectrum and decay properties, and result in a large set of points in S I . The quark and glue components of each of the five isosinglet scalars are computed over the global set S I and presented in Fig. 5 . While these points lead to predictions for the quark and glue components that spread over a wide range, some qualitative and average observations can be made. With the exception of f 0 (1370) which is seen to exhibit significant quark-antiquark components [175] , for the other four states the global simulations clearly show that there is a significant underlying mixing among the two-quark, four-quark and glue components that form the scalar mesons. Since our focus in this paper is on the substructure of f 0 (1500) and f 0 (1710) (particularly their glue content) we have organized the result of the global simulations for all isosinglet states in such a way that correlations with the glue content of f 0 (1500) can be traced. In Fig. 5 , for each of the isosinglet states, the correlation between their five components and the glue component of f 0 (1500) [which is broken into four intervals 0-25% ( ), 25%-50% (⨉), 50%-75% ( ) and 75%-100% (◯)] is shown. For each component, the raw data (dots) are also shown together with their averages and standard deviations; the four series Table I. of dots for each component from left to right correspond to simulations that have resulted the glue component of f 0 (1500) in the four ranges of 0-25%, 25-50%, etc. The average and standard deviation for each series of dots is given to their right. Although each four groups of dots for each component spans a wide range, the averages and standard deviations are stable for most of the components. Exceptions are the four-quark components of f 0 (1500) and f 0 (1710) that are in a seesaw relationship with the glue components of these two states. Also the glue components of f 0 (1500) and f 0 (1710) are in a seesaw relationship, which is the most clear signal for the large glue component of
raw simulation data shows that the glue is almost exclusively shared between f 0 (1500) and f 0 (1710), it is nontrivial to gain further detailed insight into the glue percentages of each of these two states at this level of global computation. For convenience the sum of the two two-quark and the two four-quark components are also displayed on the right in Fig. 5 .
Several comments are in order: Both the f 0 (500) and the f 0 (980) have a low glue component, but a significant mixture of two-and four-quark components. The four-quark component of f 0 (500) is dominant consistent with the expected four-quark nature of this scalar meson suggested in MIT bag model [64] and elsewhere. The content of f 0 (980) is rather reversed. However, since the range of variation of the two and four-quark components of the f 0 (500) and the f 0 (980) are wide, further evaluation of this raw simulation is needed and will be considered next. The f 0 (1370) has the most stable content with dominant two-quark components; in this case the ranges of simulations are much narrower than the other four states (for a detail study of f 0 (1370) within this framework see [175] ). Lack of a significant glue component for f 0 (500), f 0 (980) and f 0 (1370) leaves the main competition for this component between f 0 (1500) and f 0 (1710). In order to identify which of these two are the main glue holders, we need to further analyze the raw data and impose several additional conditions on the data and try to see if we can filter out some of the raw data. These will be done in the following subsections. The overall averages are given in Table III and show that the f 0 (1500) has the dominant glue average followed by that of f 0 (1710). However, due to the overlapping distribution of simulations around these two glue averages it becomes a challenging problem to pin point exactly which of these two states has the dominant glue.ūd Before we end this subsection, for convenience, we further dissect the results of this global simulation by presenting the components in histograms. This is shown in Fig. 6 where the distribution of components of each isosinglet state at points in S I is given over a five-interval division. Consistent with the above observations, the f 0 (1500) shows the maximum distribution over the large glue intervals (80-100%) followed by the glue of f 0 (1710). It is also seen that the four-quark components of f 0 (500) and f 0 (980) are large with a considerable mixing with their two-quark components. Again the f 0 (1370) appears to be the most clear cut case with dominant quark-antiquark components.
B. Imposing constrains on the global set S I
In previous subsection, we determined the global set S I that contains a large set of points in the 14d parameter space of the model at which the model generally overlaps with the target inputs of Table I [excluding the two decay widths of f 0 (1370)]. This global set also allowed making average predictions for the substructure of isosinglet states. In this subsection we further explore these substructures by imposing several additional constraints on set S I that results in filtering out some of the points in that set.
We noted in Fig. 2 that the masses of f 0 (1500) and f 0 (1710) have a wide range in global set S I . Even though the physical target masses are nearly included in this set but a large part of the set is far from the physical masses and we filter them out here. As stated before, the WA102 [58] has set the masses of f 0 (1370), f 0 (1500) and f 0 (1710) to fixed values which are not exactly recovered in the global set S I , but we are able to get close to them within about 5% error (the mass ranges reported in other sources [1, 174] have uncertainties, particularly f 0 (1370) is reported in PDG [1] with a large mass uncertainty in the range of 1.2-1.5 GeV). We define subset S I1 such that the mass of f 0 (1710) is within 5% of its value fixed in WA102 collaboration report (since the predicted masses are sorted in ascending order, imposing a limit on f 0 (1710) mass naturally brings the mass of f 0 (1500) near its target value):
Selected sample points in subset (29) are given in Table VIII in Appendix A. The resulting averages (and standard deviations) for the masses, decay widths and decay ratios are computed over subset S I1 and plotted in Fig. 7 . The (28)]; the vertical lines of dots from left to right correspond to simulations for which the glue content of f0(1500) is in the ranges 0-25%, 25-50%, 50-75% and 75-100%, respectively (see the glue content of f0(1500), for a definition of these four groups). Next to each vertical line of dots the averages (symbols) and one standard deviation around the averages (error bars) are also shown. In both figures, for convenience, the 50% lines are plotted as well (dashed lines). The ranges of variation reflect χ I < χ exp I condition defined in (26) .
close overlaps with the target input values of Table I is evident. We then compute the quark and glue components of isosinglet states over subset S I1 and the results are presented in Fig. 8 . We see that imposing the mass condition does not significantly change the qualitative description of the isosinglet states. The f 0 (500) and f 0 (980) have a substantial two-and four-quark mixing; the f 0 (1370) remains a predominantly quark-antiquark state; and the f 0 (1500) and f 0 (1710) remain to be the main glue holders and in this case the glue is almost equally shared among these two states.ūd The global picture considered in this work has its downside and upside. The downside, first and foremost, is the fact that dealing with all scalar states below 2 GeV at the same time, expectedly, results in exceeding complications. Second, we loose precision on individual states in order to determine a set of parameters that give a collective description of all states in an overall agreement with experiment. The upside, however, is that the global picture allows establishing underlying correlations (or family relations) among different states which can then be used to probe fuzzy situations such as exploring the glue content of f 0 (1500) and f 0 (1710). For example, the expectations that f 0 (500) and f 0 (980) do not have significant glue contents (which seems to be supported by most, if not all, independent investigations), can be used as a filter to be imposed on set S I . Fig. 5 shows the correlation between glue of f 0 (980) and those of f 0 (1500) and f 0 (1710). If we turn off the glue of f 0 (500) and f 0 (980) (i.e. symbols " " and "⨉"), then the f 0 (1500) becomes the state with main glue component followed by f 0 (1710). We further tap into correlations between the substructure of the f 0 (500) and f 0 (980) on the one hand, and the f 0 (1500) and f 0 (1710), (29)]. In the left figure, from left to right the five components are respectively non-strange four-quark, strange four-quark, strange quark-antiquark, non-strange quark-antiquark and glue. In the right figure, the sum of the two four-quark components and the sum of the two quark-antiquark components are shown. For convenience, the 50% lines are also shown (dashed lines).
on the other. Specifically, we filer the global set S I so that the f 0 (500) and f 0 (980) approach the picture given by the MIT bag model [64] in which the lowest-lying scalar meson nonet is an ideally mixed two-quark two-antiquark nonet, in which f 0 (500) ∝ūdud,
Since our model includes various mixings among isosinglets, we cannot exactly get to this limit, however, we can approach it by imposing the condition that the first component of f 0 (500) and the second component of f 0 (980), defined in (13) , are each greater than 0.50, i.e. we filter the global set S I with the condition
This condition defines the second subset:
We find that this condition retains only a limited number of points in set S I . The quark and glue components are then computed at these points and the result is given in Fig. 9 . It is evident from both figures that approaching an ideally mixed four-quark limit for lowest-lying scalars is consistent with a dominant glue component in f 0 (1500).
V. SENSITIVITY TO THE EXPERIMENTAL INPUTS: FITS II AND III
The results of the global simulation I presented in previous section were based on targeting the experimental inputs given in Table I [ on some of these inputs, as we discussed in section III, we have not based our entire analysis on only one set of target experimental inputs. In this section we present the main results we obtain in global simulation II [in which all target experimental inputs of Table I , including the two decay widths of f 0 (1370) are taken into account] as well as global fit III (in which the target experimental inputs of Table II are used) .
In global fit II, we target all 23 experimental data of Table I . This means that the guiding function for this strategy (χ II ) is computed from (22) 
in which χ II,m , χ II,Γ and χ II,(Γ Γ) are obtained from (23), with all data of Table I . We perform Monte Carlo simulation over the 14d parameter space and search for points p = (p 1 . . . p 14 ) for which
In this case χ exp II = 8.2. This leads to set II
We also explore two subsets of S II . Imposing constrains on the mass of f 0 (1710) results in subset 1:
Selected sample points in subset (36) are given in Table IX in Appendix A. Approaching the ideal mixing limit (31) leads to subset 2:
In global fit III, we target the experimental data of Table II . The guiding function for this case (χ III ) is computed from (22) 
in which χ III,m and χ III,Γ are obtained from (23), with all data of Table II . With Monte Carlo simulation over the 14d parameter space and searches for points p = (p 1 . . . p 14 ) for which
with χ exp III = 5.6, results in set III
Parallel to the cases related to set II, we consider two subsets:
Selected sample points in subset (41) are given in Table X in Appendix A. The ideal mixing limit (31) leads to subset 2:
The details of Monte Carlo simulations II and III are similar to the details presented in section IV and we skip them here (detailed numerical values of the physical quantities obtained in these two numerical simulations are respectively given in Tables XII and XIII . We see that the results are qualitatively stable with some moderate variations. The f 0 (500), f 0 (980) and f 0 (1370) have low glue components, the first two have a considerable mixing of two-and four-quark components while f 0 (1370) is dominantly quark-antiquark. The f 0 (1500) and f 0 (1710) have substantial glue component, but the percentage of their glue is rather sensitive to the way it is probed.
To make a more quantitative comparison, we use Eq. (19) and compute its double-averaged over all data points in a set and over all target experimental quantities:
where p j is a point in a given set/subset, N p and N q are the number of points in a set/subset and the number of target quantities, respectively. We then compare this with the average of experimental target quantities for each case computed using the definition (20)χ
The results are given in Table VI . The closest (on average) that the model can get to the central values of the target experimental inputs is in simulation III, followed by simulations I and II. The only difference between simulations I and II is that the two partial decay widths of f 0 (1370) are excluded in I and included in II (also included in III). The difference between simulations II and III is that the WA102 data is included in II and excluded in III. Since model agrees less with experiment in simulation II, we conclude that the two partial decay widths of f 0 (1370) [173] and WA102 data [58] are not quite compatible, and that the present model agrees slightly better with the data in [173] . 2)   I  35  19  17  25  II  36  29  25  29  III  35  17  15  16 (28) , (35) and (40)]; the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41)]; and the three subsets S I2 , S II2 and S III2 [defined in (32) , (37) and (42) 
Comparison of the predictions for the total four-quark, total quark-antiquark and glue of the isosinglet scalars obtained over: the three global sets S I , S II and S III [defined in (28) , (35) and (40); left]; the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41); middle]; and the three subsets S I2 , S II2 and S III2 [defined in (32) , (37) and (42); right]. Triangles, diamonds and circles are respectively related to simulations I, II and III. The error bars show standard deviation around the average. Overall the results are not very sensitive to the variation of the experimental inputs. For convenience, the 50% lines are also shown (dashed lines).
VI. THE SCALAR GLUEBALL
The scalar field "G," introduced in section II, was identified with a scalar glueball. In this section we give more discussion on this field and retrospectively justify its identification with the scalar glueball. We give more details on its phenomenological properties probed in the simulations of previous sections.
In the present framework, the connections to the "microscopic" world of quarks and gluons are made indirectly via the transformation properties, mixing patterns, mass spectra and decay properties. Since our approach is motivated by the global description and family relations among scalar mesons, it is natural for us to introduce the "matter fields" in terms of two scalar nonets (a four-quark scalar nonet N and a two-quark scalar nonet N ′ ) so that we can then study the family interactions between these two nonets and have global relations among model parameters, such as, for example, among various scalar-pseudoscalar-pseudoscalar coupling constants that get expressed in terms of the coupling constants that describe the interaction of the two nonets in I = 1 2 and 1 channels, as well as in the more complex case of I = 0 channel (see Appendix B of [150] ). Therefore, the scalar matter fields, i.e. the substructures that are made out of quarks [components 1 to 4 of F 0 in relation (13) ] are all contained within these two scalar nonets and their properties in the Lagrangian are dictated by the flavor SU(3) transformation and its breakdown. One of the advantages of these nonet templates is that they "confine" the matter fields within the N and N ′ . Consequently, once the Lagrangian is formulated with these global templates for matter fields (and assuming that there are no other composite matter fields of substructures more complex than quark-antiquark and four-quarks, such as six-quarks, eight-quarks, . . .) any other SU(3)-singlet scalar field floating in the model cannot be identified with the matter fields for it leads to over-counting. As such, scalar field G must be identified with an "other-than-quark-composite" field and one possibility is to identify it with a pure glueball field. Since we do not have direct access into its internal substructure, we use the external characteristics of field G to see if it fits the profile of an scalar glueball. First and foremost, isolating the matter fields into nonets N and N ′ all scalar states below 2 GeV are accounted for. Then if G is to represent an scalar glueball, it is necessary that it couples to these matter fields as an SU(3) singlet. Of course, this, by itself, is not sufficient. Second, when the model is confronted with experiment and the model parameters are explored (the results obtained in previous sections), and consequently various bare as well as physical quantities are computed, we see that there are clear indications that further support the identification of G with an scalar glueball. These are:
(a) In most investigations of f 0 (500) and f 0 (980) in the literature, it is found that they do not contain a considerable glue component. In our investigation too, we found that f 0 (500) and f 0 (980) [and f 0 (1370)] have low G components [see Fig. 5 ].
(b) In simulations of the previous sections, the mass of the scalar field G is typically distributed over the range 1.3-1.9 GeV, overlapping with the range of mass for the lightest scalar glueball found in lattice QCD. Fig. 11 shows the histograms for mass of field G in the three global sets. Also, in the three subsets 1, and in the three subsets 2 the masses are almost in the same range. Fig. 12 compares m G computed over the three global sets, the three subsets 1, and the three subsets 2 (the averages related to simulations I, II and III are shown with triangles, diamonds and circles, respectively, and the standard deviations are shown by error bars). We see that most averages are between the mass of f 0 (1500) and f 0 (1710). Also shown is the intersection of all simulations (shaded band) in the range of 1.55-1.61 GeV, which is the most overlapped range for the scalar glueball mass in the present order of this framework (in Sec. VII, we will estimate the theoretical uncertainty due to neglecting the next set of corrections, and determine our overall estimate for m G ). (28), (35) and (40)]. The superimposed curves are skew Gaussian fits and the displayed numbers give the location of the peaks together with the square-root of the variances.
(c) The present effective Lagrangian framework, formulated in terms of meson fields, does not directly probe the coupling of glueball(s) to quarks. However, since in this approach the effective coupling of G to pseudoscalarpseudoscalar channels are computed, it becomes indirectly possible to probe the coupling of G to quarks. The couplings of G to channels ππ, KK, ηη, ηη ′ and η ′ η ′ in our simulations are given in Fig. 13 . We see that the glueball coupling to KK channel is stronger than to ππ channel which seems consistent with the "chiral suppression" investigated in [176] . Moreover, it is seen that the coupling of G to channels involving η ′ shows considerable enhancement. Since glue dynamics plays an essential role in understanding the physics of η ′ , the larger coupling of G to channels involving η ′ is consistent with the identification of scalar field G with scalar glueball. (28) , (35) and (40); left]; the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41); middle]; and the three subsets S I2 , S II2 and S III2 [defined in (32) , (37) and (42); right]. Triangles, diamonds and circles are respectively related to simulations I, II and III. The error bars show standard deviation around the average. The shaded band shows the intersection of all estimates that results in the overall prediction of the scalar glueball mass in the range 1.55-1.61 GeV. The experimental mass of the f0(1500) and f0(1710) are also given [1] and clearly entrap the scalar glueball mass. (28) , (35) and (40); left]. Triangles, diamonds and circles are respectively related to simulations I, II and III. The error bars show standard deviation around the average. Field G couples stronger to KK than to ππ and its coupling to channels including η ′ increases significantly.
(d) A the present leading order of this framework, the glueball mixing with quarkonia is SU(3) symmetric and, in principle, can only distinguish the two-quark from the four-quark states but not the difference between u, d and s. In this limit, the number of simulations that result in a larger coupling of G to the quark-antiquark nonet N ′ have an edge over those that give a larger coupling of G to the four-quark nonet N . Fig. 14 shows the percentages of simulations for which f e > 1 [see Eq. (11)]. For example, we see that in global sets I, II and III, respectively 45%, 52% and 59% of simulations have f e > 1. Since the glueball mass typically spread over the range of 1.3-1.9, one would expect that the glueball couples stronger to quark-antiquark nonet N ′ than to the four-quark nonet N . In summary, although the present framework is not meant to directly connect to the microscopic world of quarks and gluons, and therefore it cannot be proved (microscopically) that G is a scalar glueball, nevertheless, phenomenological arguments presented here, clearly agree with its identification as a scalar glueball. (11)] for the three global sets S I , S II and S III [defined in (28) , (35) and (40); left]; the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41); middle]; and the three subsets S I2 , S II2 and S III2 [defined in (32) , (37) and (42); right]. Overall the simulations favor f e > 1.
VII. SUMMARY AND DISCUSSION
The issue of the substructure of f 0 (1500) and f 0 (1710), particularly their glue content, was the main focus of the present work. We showed, both within the three global sets [ (28), (35) and (40)] as well as within the three subsets 1 [ (29), (36) and (41)] and the three subsets 2 [(32), (37) and (42)], that glue is almost entirely absorbed by f 0 (1500) and f 0 (1710) (overall, more than 75% of an effective scalar glueball field was absorbed by these two states). However, identifying the percentages of glue in either state can be an excruciatingly difficult task, mainly due to unestablished experimental data on properties of some of the isosinglet scalars, many with large uncertainties (and at times conflicting). The strategy of this work in extracting the glue contents (within the existing experimental uncertainties) has been to establish a global framework for all isosinglets, isodoublets and isotriplet scalars below 2 GeV and derive underlying mixing patterns and family relations as a mean to probe the contents of all scalar states in general, and the glue component of f 0 (1500) and f 0 (1710), in particular. This strategy is of course a "double-edge sword:" On the one hand, the entanglement of all scalars together (not only the isosinglets but also the isodoublets and isotriplets) results in added complications and new stumbling blocks that would otherwise be absent in an isolated study. On the other hand, an important benefit is that the family relations developed in this process make it possible to impose some of the known (or widely believed) features of some of the scalars to extract information on others.
Specifically, We applied a nonlinear chiral Lagrangian model that includes a quark-antiquark and a four-quark nonet of scalar mesosns and an scalar glueball. This model has already been applied to various low-energy scattering and decays and has resulted in a coherent picture for the low-energy data [74, 75, 147, 149] . Using an iterative Monte Carlo method, we probed the 14 free parameters of the model by fitting to more than 20 experimental inputs on isosinglet scalars below 2 GeV together with constrains from isodoublets and isotriplet properties. We determined three global sets of points S I , S II and S III [Eqs. (28) , (35) and (40)] in the 14 dimensional parameter space that gave an overall agreement with experimental data on all isosinglet states. In probing the glue component of the f 0 (1500) and f 0 (1710), after determining the global sets, we first computed the quark and glue components of all isosinglet states below 2 GeV, and then studied family relations among them. Without any additional assumptions, the average components over the three global sets showed that f 0 (1500) and f 0 (1710) are almost exclusively the main glue holders. Even though in most of our numerical simulations f 0 (1500) dominated the glue contents, the accuracy of our model (at its present order) does not allow us to confidently favor f 0 (1500) versus f 0 (1710) (a discussion of the accuracy of the prsent order of the model, together with an order of magnitude estimate of the size of next set of corrections are given below).
We then further imposed additional constraint on the mass of f 0 (1710) on the three global sets to control the resulting physical masses. This resulted in the three subsets 1 [i.e. S I1 , S II1 and S III1 ; Eqs. (29), (36) and (41), respectively] which we used to reevaluate the quark and glue components, but qualitatively the results remained consistent with those obtained with the three global sets. The glueball mass was also estimated in this limit in the are computed over the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41); triangles, diamonds and circles respectively represent the averages in simulations I, II and III and the error bars represent the standard deviations around the averages]. The stars represent the isosinglet scalar masses computed from the relations (47) and (50) . The masses of the I = 1 2, 1 members of the two nonets are also shown. range 1.55-1.61 GeV.
We exploited the underlying correlations among isosinglet states as a mean to further probe the substructure of f 0 (1500) and f 0 (1710). Imposing the anticipated characteristics of f 0 (500) and f 0 (980) to not contain large glue contents (which is generally observed in the literature to be the case), favors f 0 (1500) as the state with a major glue content. We also further examined a limit in which the lightest isosinglets f 0 (500) and f 0 (980) get close to their ideally four-quark mixing limit. This led to the three subsets 2 [i.e. S I2 , S II2 and S III2 ; Eqs. (32), (37) and (42), respectively]. In this limit, again f 0 (1500) was favored to contain the dominant glue component [which was approximately estimated above 70%].
We end by giving an estimate of the theoretical uncertainty due to neglecting (for simplicity) the higher order corrections. The foundation of this analysis has been the mixings of a bare (unmixed) light four-quark nonet N with a heavier bare quark-antiquark nonet N ′ and a scalar glueball G. The Lagrangian discussed in section II is developed based on chiral symmetry and its breakdown and the transformation properties of the effective meson fields are understood from the basic transformation properties of the schematic quark fields. The schematic quark configurations, imply certain mass ordering expected for each bare nonet. In the quark-antiquark scalar nonet, we expect:
where f
, and f ′ S 0 belong to N ′ and have quark substructures
Moreover, assuming schematic quarks (which is the basis of the underlying flavor symmetry of the Lagrangian) and solely based on counting the strange and non-strange quarks, we (roughly) expect:
which only measures the number of strange quarks in each state. Similarly, we expect a mass ordering among the members of four-quark nonet N (which is inverted compared to that of quark-antiquark nonet N ′ ):
where f NS 0 , a 0 , K 0 and f S 0 belong to N and have quark substructures
Again assuming an "schematic spectroscopy" and counting the strange and non-strange quarks, we (roughly) expect:
In the study of the I = 1 2, 1 within this mixing framework [149] , the bare masses of
]. These are also plotted in Fig. 15 together with the I = 0 bare masses which are computed in two different ways: (i) from numerical simulation of this analysis (triangles, diamonds and circles) and (ii) from relations (47) and (50) (stars) expected from the corresponding schematic quark configurations (46) and (49) . Since our simulations did not target the bare masses and instead targeted the physical masses, decay widths and decay ratios, we interpret the difference between these two sets of calculation of I = 0 bare masses a measure of the theoretical uncertainty of our work (due to neglecting higher order terms in this Lagrangian). Using (47) and (50) , the four masses shown by stars in Fig. 15 are (in GeV):
The average theoretical uncertainty (averaged over the four stared masses as well as the three sets of simulations) can be estimated∆
where F 0 is defined in (13) , andm j represents the averaged mass over the three subsets 1 [i.e. S I1 , S II1 , S III1 defined in Eqs. (29) , (36) and (41), respectively].
In the leading order of the model we found that the favored range of glueball mass is 1.55-1.61 GeV. Therefore, including the 11% theoretical uncertainty, our overall estimate for the glueball mass is 1.58±0.18 GeV and is compared with several lattice QCD estimates in Table VII . We expect that the higher order corrections such as the higher order SU(3) symmetry breaking terms will reduce this uncertainty. These corrections have been formally identified and their effects on the mass matrices of I=1/2,1,0 have been worked out in [150] , however, their determination from fits to available data will require a considerable extension of the parameter space of the model, and the leading order results presented here pave the way for investigating the larger parameter space. We intend to pursue these extensions in future works.
Appendix A: Sample points in set S I In this appendix we have given sample points in the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41)]. These subsets result in the isosinglet physical masses that are closer to their target values. It is interesting to note that although the Lagrangian parameters spread over a range of correlated values (even changing sign), the physical parameter m G given in the three tables (similar to the physical parameters given in the next appendix) varies over a physical range. In this appendix we have given the numerical values for the physical quantities computed over the three global sets S I , S II and S III [defined in (28) , (35) and (40)], the three subsets S I1 , S II1 and S III1 [defined in (29) , (36) and (41)], and the three subsets S I2 , S II2 and S III2 [defined in (32) , (37) and (42)]. [174] 45 ± 7 42 ± 11 43 ± 4 TABLE XI: Numerical results for the masses, decay ratios and decay widths computed in simulation I. The target values are given in the second column together with the averages and standard deviations computed over: the global set S I [defined in (28) ] (third column); the subset S I1 [defined in (29) ] (fourth column); and subset S I2 [defined in (32) ] (fifth column). For the decay width of f0(500) to two pions, both the bare decay width Γ 1 ππ as well as the physical decay width Γ 1 ππ in which the effects of the final-state interaction of pions are taken into account, are given. In the second column, "N/A" denotes the quantities that have not been targeted in the simulation, nevertheless, their values are computed as by products. The short notations in the first column are defined in Table I . For comparison convenience, the last seven target values are presented in the form "central value ± uncertainty" format (their original reported values are given in Table I ). (36) ] (fourth column); and subset S II2 [defined in (37) ] (fifth column). For the decay width of f0(500) to two pions, both the bare decay width Γ 1 ππ as well as the physical decay width Γ 1 ππ in which the effects of the final-state interaction of pions are taken into account, are given. The short notations in the first column are defined in Table I . For comparison convenience, the last nine target values are presented in the form "central value ± uncertainty" format (their original reported values are given in Table I ). (42) ] (fifth column). For the decay width of f0(500) to two pions, both the bare decay width Γ 1 ππ as well as the physical decay width Γ 1 ππ in which the effects of the final-state interaction of pions are taken into account, are given.In the second column, "N/A" denotes the quantities that have not been targeted in the simulation, nevertheless, their values are computed as by products. The short notations in the first column are defined in Table II . For comparison convenience, the last nine target values are presented in the form "central value ± uncertainty" format (their original reported values are given in Table II) .
